Abstract. In this paper we prove a bijection between 2-regular, k-noncrossing partitions and k-noncrossing enhanced partitions. Via this bijection we enumerate 2-regular, 3-noncrossing partitions using an enumeration result [1] for enhanced 3-noncrossing partitions. In addition we derive the asymptotics for the numbers of 2-regular, 3-noncrossing partitions using the BirkhoffTrijtzinky analytic theory of singular difference equations.
Introduction and Background
In this paper we prove a bijection between 2-regular, k-noncrossing partitions and k-noncrossing enhanced partitions and subsequently compute the number of 2-regular, 3-noncrossing partitions over [n] = {1, . . . , n}. We denote 2-regular, k-noncrossing partitions by p k,2 (n) and abbreviate k-noncrossing by k-nc. A partition is 2-regular if and only if for any i, j, contained in a block, |i − j| ≥ 2 holds. Recently, 3-nc partitions and enhanced 3-nc partitions were enumerated via lattice paths by Bousquet-Mélou and Xin [1] . They used the bijection between k-nc (enhanced) partitions and vacillating (hesitating) tableaux with at most k − 1-rows of Chen et.al.'s influential paper [4] . Introducing the steps (+ , + ), (− , − ) and (+ , − ) in vacillating tableaux leads to generalized tableaux sequences, which are in bijection with tangled-diagrams [6] . This new framework integrates the concepts of vacillating and hesitating tableaux [4] and accordingly partitions and enhanced partitions. The particular tangled-diagrams, corresponding to generalized vacillating tableaux with elementary steps (∅, ∅), (− , ∅), (∅, + ) and (+ , − ) are called braids. In fact, braids without isolated points are in bijection to enhanced partitions. Let ρ k (n) denote the number of k-nc braids without isolated points. We prove via bijection p k,2 (n) = ρ k (n − 1), for k ≥ 3 and the main result of this paper is Theorem 1. The number of 2-regular, 3-noncrossing partitions is given by
where β n−1 (t, m, s) = t n n s n t+s n s+m . Furthermore
where K = 6686.408973, c 1 = −28, c 2 = 455.77778 and c 3 = −5651.160494 holds. A braid is a digraph over the vertex set [n] and directed arcs (i, j), i ≤ j drawn in the upper half-plane in which all vertices j of degree two are either incident to loops (j, j) or crossing arcs (i, j) and (j, h), where i < j < h, for instance are two braids. A partition or braid is k-nc if there exists no k-set of pairwise crossing arcs. For partitions this can be expressed via the linear ordering as follows: there exist no k-set of arcs
denote the set of k-nc partitions and B k (n) the set of k-nc braids without isolated points. In the following all braids are assumed to have no isolated points. Suppose δ ∈ B k (n). Identifying loops with isolated points and crossing arcs (i, j) and (j, h), where i < j < h by noncrossing arcs, we observe that δ corresponds uniquely to a k-nc partition, explicitly we have for k = 3
Via this identification, D(B k (n)) is well-defined and we have the bijection
The bijection
Let P k,2 (n) denote the set of 2-regular, k-nc partitions. In order to prove the bijection between P k,2 (n) and B k (n − 1) we use the mapping (i, j) → (i, j − 1) originally introduced by Chen et.al. [5] in the context of a reduction algorithm for m-regular noncrossing partitions.
Proof. By construction, ϕ is a graph morphism. Since there exist no arcs of the form (i, i + 1), ϕ(D(π)) is, for any D(π) ∈ D(P k,2 (n)) a loop-free digraph. By construction, ϕ preserves the orientation of arcs, whence ϑ(π) is a partition.
We first prove that ϑ(π) is k-nc. Suppose there exist k mutually crossing arcs, (i s , j s ), s = 1, . . . , k in ϑ(π). Since ϑ(π) is a partition we have i 1 < · · · < i k < j 1 < · · · < j k . Accordingly, we obtain for the partition π = ϑ −1 (ϑ(π)) ∈ P k,2 (n) the k arcs (i s , j s + 1), s = 1, . . . , k where
, which is impossible since these arcs are a set of k mutually crossing arcs and the claim follows. Claim. ϑ is bijective. Clearly ϕ is injective and it remains to prove surjectivity. For any k-nc braid δ there exists some 2-regular partition π such that ϑ(π) = δ. We have to show that π is k-nc.
}, where i k = j 1 − 1 which is, in view of eq. (1.2) impossible in k-nc braids. By transposition we have thus proved that any ϑ-preimage is necessarily a k-nc partition, whence the claim and the proof of the theorem is complete.
In light of this bijection it is of interest to compute ρ k (n) which is-in principle-possible, using the bijection between generalized vacillating tableaux and tangled diagrams. The main difficulty lies the kernel-computation [7] and at present time there exists no such formula for k > 3. However, for ρ 3 (n) we have
The number of braids without isolated points is given by
where β n (t, m, s) = t n+1 n+1 s n+1 t+s n+1 s+m . Furthermore ρ 3 (n) satisfies the recursion
where α 1 (n) = 8(n + 2)(n + 3)(n + 1), α 2 (n) = 3(n + 2)(5n 2 + 47n + 104), α 3 (n) = 3(n + 4)(2n + 11)(n + 7) and α 4 (n) = (n + 9)(n + 8)(n + 7).
Theorem 3 follows from a bijection between tangled-diagrams and vacillating tableaux [6] by latticepath enumeration. Furthermore, the recursion for 3-nc braids of Theorem 3 allows to employ the analytic theory of singular difference equations developed by Birkhoff and Trjitzinsky [2, 3] . For more background on the Birkhoff-Trjitzinsky theory see [9] . As a result we have 
